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1 Number Fields

1.1 Ring of integers

Definition 1.1
A number field K is a finite field extension of Q. (Its degree [K : Q] = dimg K as vector space is
finite)

Definition 1.2

An algebraic integer « is an algebraic number s.t. it is a root of a monic polynomial with integer
coeflicient.

(Equivalently, if the monic minimal polynomial for « over Q has Z coefficient)

Definition 1.3
Let K be a number field, its ring of integers Ok consists of the element of K that are algebraic
integers.

Proposition 1.4

(i) Ok is a (Noetherian) ring

(i) rkz O = [K : Q] (i.e. as an abelian group, O = Z3KQ)
(iii) Va € K,3In € Z,n # 0 s.t. na € Ok

Example:
Number Fields K Ring of integers Ok
Q Z
Q(i) Z[i]
Z[\/d] d=2,3 mod4
Q(Vd),d € Z\{0} squarefree Z[H‘Q\/E] d=1 mod 4

Q(¢n) (&, primitive n-th root of 1) Z[Cn)

Example:

K =Q(V-3) =Q(¢&) Ok = Z[H\Q/j?’] =Z[G] (3= _1_2‘/_73) (see notes for picture)

Proposition 1.5
(i) Ok is the maximal subring of K which is finitely generated as an abelian group
(ii) Ok is integrally closed in K (i.e. if f € Og[z] monic and f(a) =0 « € K, then a € Ok)



Example (on factorisations)

In Z, however you factorise an integer, you always end up with the same factorisation into irreducible
bits, at least up to signs and order.

-The ambiguity in signs comes from the units £1 € Z

-Unique factorisation in this form fails in general number field

e.g. Q[v/-5], Ok = Z[/-5]

6 =2x3=(1++-5)(1—+/—b) are genueinly different factorisations (because Z[/—5] not UFD).
To rescue this, works with ideals.

1.2 Units

Definition 1.6
A unit in a number field K is an element o € Ok with a~! € O, the group of unit is denote by Ox

Example: Units in Q are Z* = {£1}
Units in Q(4) are Z[i]* = {£1, +i}
Units in Q(v/2) are Z[v2]* = {£(1 +2)" | n € Z}

Theorem 1.7 (Dirichlet’s Unit Theorem)
Let K be a number field, then O is finitely generated. More precisely,

X o ri+ro—1
O ~AXZ

where
A = the (finite) group of roots of unity in K
ry = ## distinct embedding K — R
ro = # distinct conjugate pairs of embedding K < C, with image ¢ R

(= 11+ 2r0 = [K : Q))

Corollary 1.8
The only number fields with finitely many non-units are Q, and imaginary quadratic fields (i.e.

Q(v/=D) for some D € Z1)

1.3 Ideals

Example 1.9 (i) K=Q Og=7%Z
a = (17)=all multiples of 17
a € a iff it is a multiple of 17
Multiplying ideals: (3)(17) = (51)

(ii) K =Q(v/-5) Ok = Z[\/-5] (not PID) (see picture)



An ideal is, in particular, a sublattice of Of. In fact, it always has finite index (see later)

Theorem 1.10 (Unique Factorisation of Ideals)
Let K be a number field. Every non-zero ideal of O admits a factorisation into prime ideals. This
factorisation is unique up to order.

Definition 1.11

Let a,b < Ok. Then a divides b (written a|b) if ac = b for some ideal ¢ (Equivalently if the prime

factorisations a = pi* ---p*, b =p" - p."* we have n; < m; Vi)

Remark. (i) For o, € O, (a)=(8) < «a=up forsomeuec O
(ii) (nontrivial) For ideals a,b alb < aDb

(iii) To multiply ideals, simply multiply their generators
e.g. (2)(3) = (6)
(2a1 +\/j5)(271 - \/5) = (472+2V_572 _2\/ _576) = (2)

(iv) To add ideals, combine their generators
eg. (2)+3)=(2,3)=(1) =0k

Lemma 1.12

a,bgl(’)K,a:Hip;” b:Hipzni
(i) anb = [T, p"™) (“dem”)
(i) a+b=[p"""™) (“ged”)

Proof
Use Remark (ii)

(i) This is the largest ideal contained in both a and b
(ii) This is the smallest ideal containing both a and b

]
Lemma 1.13
Let o € O \{0} Then 38 € Ok \{0} s.t. aB € Z\{0}
Proof
Let X"+ a, 1 X" ' +---+ a1 X + ag be the minimal polynomial for o (with a; € Z ag # 0)
So @™+ ap_1a" 1+ - +aja = —ag € Z\{0}
So take B=a" ' +ap_1a" 2+ 4+ O
Corollary 1.14
If a <Ok is a nonzero ideal, then [Ok : a] < oo
Proof
Pick a € a\{0}, and 8 € Ok \{0} with N = af € Z\{0}. Then N € a and
Ok :a] < [OF : (N)] =[O0k : NOg] = |NIFYU < O

Definition 1.15
The norm of nonzero ideal a <Ok is N(a) = [Ok : q]

Lemma 1.16
Let a € O \{0}. Then \NK/Q(Q)| = N((w))



Proof
Let v1,...,v, be a Z-basis for Ok, and write T, : K — K for the linear map T, (v) = awv
Then

Ngjgla) = |detTy| = [<wi,...,vp >:< vy, .., qvy >]
= [0k : (@) = N((a))

1.4 Ideal Class Group

K a number field. Define an equivalence relation on nonzero ideals of Og by
g~bhif I e K*s.t.a=\b

The ideal class group of K, Clg, is the set of classes, {non-zero ideals}/ ~
It is a group, the group structure coming from multiplication of ideals.
The principal ideals form the identity class, and Ok is UFD < Clg =1

Theorem 1.17
Cl is finite

(1.1)

Exercise: Let K = Q(v/—D) for D € Z., show that two non-zero ideals a, b <O have the same class
in Clg iff they are homothetic (i.e. the lattices in C given by the points of a and b are related by a

scaling and a rotation about 0) (elements of Clg <> shapes of lattices)



1.5 Primes and Modular Arithmetic

Definition 1.18
A prime p of a number field K is a nonzero prime ideal of Og. Its residue field is O / p
Its (absolute) residue degree is f, = [O /p : Fp] where p = char Ok /p is its residue characteristic

Lemma 1.19
The residue field of a prime is a finite field

Proof
p prime = Ok /p is an integral domain.
Also, |Ok /p| = N(p) is finite = Ok /p is a field O

Note: The size of the residue field at p is N(p)

Example:

e K=Q, Og =Z, p=(17) = residuc field Og /p =Z /(17) = Fi7
o K =Q(i), Ox =Zli], p = (2+1), Ok / p = F5 (representatives 0,1,i+1,2,2-+i)
If p=(3), Ox /p =Fy(= “Fs[i])” (see picture)

e K =Q(Vd) d=2,3mod 4 (for simplicity) Oy = Z[/d]
Let p be a prime of K, with residue characteristic p. Then O /p is generated by [, and the
image of Vd. The latter is some root of X2 — d over F,

= OK/p:{

F, if dis a squre mod p

sz otherwise

Notation: If 0 # a Ok, we say
r=y mod a (1.2)

(e.g. 3=1¢ mod (2+ 1) in the first example)

Theorem 1.20 (Chinese Remainder Theorem)
K number field, py,...,p; distinct primes. Then

Ok /91" p" = Ok /p" x - x Ok [pi* (1.3)
¢ mod pit---pF — (¢ mod pit,...,z mod p¥)

is a ring isomorphism

Proof
Define ¢ : Oxg — O /p}* x -+ x O /p*¥ by ¢(x) = (x mod pi*,...,x mod p.*)
Then kery) ={z |z =0 mod p;* Vi} =, p;" =1[,p;" by Lemma 1.12(3)

Remains to show that ¢ is surjective:
By Lemma 1.12(ii),



pj’ + 1Ly wi" = Oxc
= Jaep), Bel]iyp st atf=1
N 68=0 mod p:;Vz;é]
B=1 mod pj]

Thus (0,...,0,1,0,...,0) € Im¢ V5 (1 at j-th place) = ) surjective O

Remark: Chinese Remainder Theorem implies that we can solve any system of congrueces

T = am mod p7?
T = ay mod pp*

(This is called the Weak Approximation Theorem)

Lemma 1.21
p <Ok prime ideal

() [Ok /p™[=N(p)*  (think as “|F, [7)

(ii) p"/p"*tt =2 Ok /p as an Og-module (as an abelian group)

Proof
(i)=(i): | Ok /9" = Ok [pllp/p*|---[p" 1 /p" | = N(p)"

(ii): By unique factorisation p” # p"*1, so take w € p™ \ p"*! (i.e. p™|(m), p" T4 (7))
Let ¢: O — p™ /p" ! by ¢(z) = 7z mod p"*!

kergp = {o|meep™}={z| p""|(m)(2)} ={z| plx)} =p (1.5)
Im¢p = p"/p"*t
since (7) + p" ! = p™ by Lemma (1.12)(ii)
By First Isomorphism Theorem, O /p = p™ /p"H! O

Corollary 1.22
N(ab) = N(a)N(b)

Proof
Follows from Theorem 1.20 and Lemma 1.21 O

Corollary 1.23
a 3> N(a) (True for prime ideals, as char O /p =0 mod p, so |Ok /p| € p, and use multiplicativ-

ity)

(In fact, this is obvious anyway as N (a) must be zero in any abelian group of order N (a). In particular,
in O /a;ie a> N(a))



1.6 Extending the Number Field

Example: Q(i)/ Q Take primes in Q and factorise in Q(4)

270 = (2) = (1+1i)? < 2 ramifies (1.8)
3Z[i] = (3) is prime < 3 inert
5Z[i= (5) =(2+i)(2—i) <« 5 splits (1.10)

Note that p 5 N(p) and hence some prime number p, so p|(p). Thus factorising 2,3,5,7, ... yields all
the primes of Q(¢)

Definition 1.24

Let L/K be an extension of number fields, and a <Ok ideal.

Then conorm of a is the ideal a O, of Of, the ideal generated by the elements of a in O,
Equivalently, if a = (aq,...,a,) as an Og-ideal, then a O = (a1,...,a,) as an Op-ideal

Note:

(OOL)(b OL) = (ab) Or,
aOpy = (aOp)Op when K CLC M

Warning: Sometimes write g for g O, as well.

Proposition 1.25
L/K extension of number fields, a C Ok a non-zero ideal. Then

N(aOp) = N(a)lX] (1.11)

Proof
If a = () is principal, then (by Lemma 1.16)

N(@OL) = [Npg(a)] = [Ny ()] 1K) = N(a) 4K

so all ok. In general, ak = () for some k, (since Clg is finite)
Hence N(aOp)* = N(a)*LK] and so N(aOp) = N(a)K] 0

Definition 1.26

A prime q of L lies above a prime p of K if q|p Op,
(Equivalently, if p O, = q x “other stuff”
Equivalently, if q 2 p)

Lemma 1.27
L/K number fields. Every prime of L lies above a unique prime of K: q lies above N Ok

Proof

qN Ok is a prime ideal of O, and it is non-zero as, for example, it contains N(q) (Corollary 1.23).
So q lies above p = qNOg

If q also lies above p’ #Zp, then q D p+p' = O > {1} # O

Lemma 1.28
Suppose q <Ok lies above p <Ok
Then Of, / q is a field extension of Ok /p



Proof
Define

¢»:0k/p — Or/q (1.12)
x mod p +— x mod q (1.13)

This is well-defined as q 2 p
This is ring homomorphism (and 1 + 1), so has no kernel as Ok /p is a field, i.e. an embedding
Ok /p—=0Or/4q O

Note (to the proof): The “reduction mod q” map in Oy, extends the “reduction mod p” map in O

Example: Q(i)/Q

p=3 p=0)

Note that n Z[i] = (n) Or has norm n? = nl®®:Q (c.f. Proposition 1.25)

Definition 1.29

If q lies above p, then its residue degree is f;/, =[O /q: Ok /p]

Its ramification degree is the exponent e, /, in the prime factorisation p O, = q/» [[(other primes)

Theorem 1.30
L/K an extension of number fields, p a prime of K

(i) If p O, decomposes as p O, = [[;Z; q5* (q; distinct, e; = eq, /p, fi = fq,/p)- Then

m

> eifi=I[L: K] (1.14)

i=1
(ii) If M/L a further field extension, t lies above q lies above p (in M, L, K respectively) Then

€/qCq/p T C/p (1.15)
and  foqfa/p = frp (1.16)

Proof

(i) N = (Propl.25) N(pOr) = N([Tqf") = (Corl.22) [TN(a;)* = [IN(a)/* = N(q)=</:

(ii) Multiplicativity of e follows by writing out the prime decomposition of p Ops. That of f is the
Tower Law: [OM/'C : (’)L/q][(’)L/q : OK/]J] = [OM /t : OK/]J]

Definition 1.31

L/K extension of number fields, p a prime of K with pOr, = [[;~, g5’

Then p splits completely in Lif m=[L: K|,m>1(=e =f;=1)

and p is totally ramified in L if m = f1 =1,e; = [L : K]

We will see that when L/K is Galois then e; = e;, fi = f; Vi,j. Then, say p is ramified at e; > 1
(being unambiguous) or is unramified if e; = 1

Example:

5 splits (completely) in Q(i)/Q (5= (2+14)(2 — 1))

2 is (totally) ramified in Q(i)/ Q (2 = (1 +1)?)

p is totally ramified in Q((p»)/ Q, (yn=prime p"-th root of unity



Theorem 1.32 (Kummer-Dedekind)
L/K an extension of number fields.

Suppose [Of : Ogla]] = N < oo for some algebraic integer @ € Op with minimal polynomials
f(X) € Ok[X]
Let p C Ok be a prime ideal s.t. p{ N (=charOg /pt N)
If f(X) mod p = Hgi(X)ei (g distinct irreducible)
i=1
then pOL:qui q; =pOr+gi(a) O
i=1
where g(X) € Og[X] s.t. Gi(X) = ¢;(X) mod p

and ¢, are distinct primes of L with e; ,, = ¢; and f; ,, = degg;

Example:
K=Q L=Q(¢) (= (s =primitive 5-th root of unity Or = 7]
Takea=(,so N=1, f(X) =X+ X3+ X2+ X +1

f(X) mod 2 is irreducible = (2) is prime in Op, residue field is Fig
f(X) mod 3 is irreducible = (3) is prime in Oy, residue field is Fg;
f(X) mod5=(X-1)* = (5)=(5,¢-1)*
f(X) mod 7 is irreducible

f(X) mod 11 = (X —4)(X —9)(X —5)(X —3)
f(X) mod 19 = (X%2+5X +1)(X%?—4X +1)

(11) = (117 C _4)(11a C_ 9)(117 C - 5)(117 C - 3)

=
= (19) = (19,* +5¢ + 1)(19,¢* = 4¢ + 1)

Example:
K=Q L=Q(m) (= =primitive p"th root of unity and p prime

minimal polynomial f(X) = X)Zi:ifil =(X-1)?" """ modp = pis totally ramified in Q(¢)/ Q

If ¢ # p is also prime, ged(XP" —1 mod g, d%(Xpn —1) mod gq) =1
= XP" —1 mod ¢ has no repeated roots (in F,)

= f(X) mod ¢ has no repeated roots

= alle =1, i.e. ¢ is unramified in Q(¢)

Remark:

Cannot always find a s.t. Op = Okla] (ie. N=1)

However, by the Primitive Element Theorem, can find « s.t. L = K(«). Scalar a (by an integer) can
ensure that & € Or. Then Op[a] has finite index in Of,

Therefore, the theorem allows us to decompose all except possibly a finite number of primes.



Proof of Kummer-Dedekind Theorem

Write A = Oklal, F = Ok /p, p=charF

F
=F
a

[X]/(F(X), 5:(X))

[X]/(9:(X))
field af degree f; = deg g; over F  (g; is irreducible)

Pick M € Z st. NM =1 mod p, and consider

¢ well-defined:
¢ is surjective:

Since

¢p:A/pA+gi(0)A — Or/q;
d(x mod pA+ gi(a)A)

4 2pA+gi(a)A
If x € Op, then Nz € A and

= 2 mod g,

¢(MNz) = MNz mod g

as MN =1 mod q; 2 p
Oy /g, is non-zero, otherwise 1 € p Op +g;(a) O,
both p and MN € p A+ gi(a)A

=
=
=
=

lepA+ gia

¢ is an isomorphism
Or /q; is a field extension of F of degree f; = deg g; and q; is prime

For i # j, as ged(g:(X),g;(X)) =

L

X

)A # to step 1

SN, (X

mod q;

) € Ok[X] s.t.

A(X)gi(X) + u(X)g;(X) =1 mod p

Then q; +q; contains both p and A(a)gi(a) + p(a)gj(a) =1 mod p
= qFqjfori#j

But

=

q;+4a; = 0L

I

= H (pOL+gi(a)OL)"

%

C pOL+ (Hgi(a)e"> Or

= p0Og

since H gi(a

= TI(E1")"

i

10

= )=0 mod p

(by Step 2)

|F|z€ifi _ |F|degf _ |F|[L:K]
= N(pOp)

= pOg

by Proposition 1.25

(1.17)

(1.18)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)



Proposition 1.33
L/ Q finite extension, o € O, with L = Q(«) minimal polynomial f(X) € Z[X]. If f(X) mod p has
distinct roots (in F,) then [Of : Z[a]] is coprime to p (so Kummer-Dedekind Theorem applies)

Proof

Let F=splitting field of f, f(X) =[[;(X —a;) «; € F

Fix p a prime in F' above (p).

As f(X) has no repeated roots in F, and f(X) = [[,(X — @) (- denotes reduction mod p)
= @, are distinct in Op /p

= [li<j(i —aj) #0 mod p

Let B1, B2, ..., Bn be a Z-basis of Or, (n=[L:Q))

1
b
a
2 ﬁ2 .
o =M]| . for some M € Mat, (Z) with det M = [Of, : Z[a]] (1.29)
n—1 P

Writing id = 01,09, ..., 0, for the embeddings of L — F

1 1 1
a1 (e%) :
[[(i—aj) = | a2 ST (1.30)
> ) : )
alfl agfl ant
1 1 1
031 o2(a2) :
I (131)
af oa(ag)" ! Un(a;z)n !
B o2(B1) ---on(Br)
B ~
= detM | g, : : (1.32)
B o2(B) on(Ba)
= [Or:Z[a]]|B for some B € O (1.33)
1.34)
= pt[OL:Z[a] -

Proposition 1.34

K number field, p prime of K.

Suppose f(X) = X" +a, 1 X" '+ -4ag € Og[X] is Eisenstein w.r.t p (i.e. p|(a;) Vi, p?1t(ag))
Then K (a)/K has degree n = deg f and p is totally ramified in K(«), where f(a) =0

Proof
see Local Fields O
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2 Decomposition of Primes

2.1 Action of Galois groups

Let F'/K be a Galois extension of number fields. Recall Gal(F/K) = Autg (F)

e F/K is normal (if f € K[X] irreducible has a root in ' = f splits completely in F)
o |Gal(F/K)| =[F: K]
one-to-one

o {subgroup} ~¢—-— " {intermediate field}

H < Gal(F/K) — FH (fixed field of H)
Gal(F/L) + KCLCF

Example:

Lemma 2.1
Let g € Gal(F/K)
q prime of F' above p, a prime of K

(i) a€e O = gae€ Of (so Gal(F/K) acts on Op)

(i) a COpideal = g(a) C Op ideal

)

)
(iii) a,bideals = g(ab)=g(a)g(b),g(a+b)=g(a)+ g(b)
(iv) ¢(q) is a prime of F' above p (so Gal(F/K) acts on the set of primes above p)
)

(V) €q/p = €g(a)/ps faso = Fota)/p

Proof
Clear

12



Example:
K=Q F =Q(i) Or = ZJi] Gal(F/K) = {id, complex conjugation}

Theorem 2.2
F/K Galois extension of number fields. p a prime of K.
Then Gal(F'/K) acts transitively on the primes of F' above p

Proof
Let qq,...,q, be the primes above p
Require to proof: g € Gal(F/K) s.t. g(q1) = g9

z = 0 mod qq
Z 0 mod q;Vi #1
(this is possible by Chinese Remainder Theorem)

Pick z € Op s.t.

Then
[ "@eEnOrng =0kng =pCa,
heGal(F/K)
= g(z) =0 mod gy for some g
= z=0 mod g 1(q,)
= g Y q9) =4 by choice of x
= d2 = g(a1)
Corollary 2.3
F/K Galois.
If q4, g9 lie above p, then Car/p T Car /v (So can write e, and f,, without ambiguity)
Jarse = Jay /e

13



2.2 Decomposition Groups

Definition 2.4
Let F//K be a Galois extension of number fields, q a prime of F' above p, a prime of K
The decomposition group Dy(= Dg/p) of q (over p) i.e.

Dy = Stabgai(ry k) (4) (2.4)
Remark. The decomposition group determines how p decomposes in all intermediate extensions.

Example 2.5

Gal(F/K):S4 Dq/p:S3<S4

= 34 primes above p  (by Orb-Stab Theorem)

and action of Sy on these is the usual action on 4 points

Consider H = {id, (12)(34)} <S; and L=FH
Gal(F/L) acts transitively on the primes of F' above every prime of L
= number of primes in L above p = number of H-orbits on {q;,qs,q3,q,} =2

Remark. If G is a finite group

{transitive G-sets}/ =  +— {subgroup of G'}/conjugacy (2.5)
X — Stab(z)
G/H i H

Number of primes in F'# above p = number of H-orbits on {primes above p} = number of H-orbits
on G/Dg,, = number of double cosets HxD

Note:

Double coset HzD for x € G is the set {hzdlh € H,d € D}
G = | | double cosets

Ifye HxtD = HyD = HxD

Warning: double cosets can have different sizes, unlike coset
g€ Dy fixesq = itactson Op/qby
x mod q~ g(z) mod q (2.8)

This gives a natural map
Dq — Gal((Or /a)/(Ok /p)) (2.9)

(think it as Gal(Fq /Fy))

Example:

F=Q#H K=Q p=3

Gal(F'/ Q) = {id,c} where ¢ =complex conjugate€ D s
Complex conjugation acts as (a+bi mod 3) — (a—bi mod 3) = ((a+ bi)> mod 3)
which is the Frobenius automorphism z — 23 on Fy

14



Theorem 2.6
F/K Galois, q prime of F' above p prime of K
Then the natural map

Dy — Gal((Or /a)/(Ox / p)) (2.10)

is surjective

Proof

B € Op/qwith Op /q= 0Ok /p[f] (e.g. a generator for (O /q)*)

Let f(z) € Ok /p[X] be its minimal polynomial and g = B4, fa, ..., B, € Op /q its roots
Sufficient to proof: 3¢9 € Gal(F/K) with ¢g(q) = q and g(8) = 52

Pick o € Op with @ mod q = ,a mod ¢’ = 0 for all other prime q" above p (this is okay by CRT)
Let F(X) € Og[X] be its minimal polynomial over K
and a = a1, ag,...,a, € Ok be its roots (note F'//K normal = all roots are in F')

F(X) mod p has S as a root
= F(X) mod p is divisible by f(X)
= F(X) mod p has (33 as a root

WLOG as mod q= (o
Now take g € Gal(F/K) s.t. g(a) = o
Then g(a) #0 mod q = g¢(q) =q and g(8) = 2 O

Corollary 2.7
K number fields, F'/K splitting field of monic irreducible f(X) € Og[X]
Let p be a prime of K and assume

f(X) mod p=g1(X)ga(X) - gu(X) (2.11)

with ¢;(X) € Ok / p[X] distinct irreducible, with degree degg; = d;
Then Gal(F/K) < S, (n=degf) has an element of cycle type (dy,ds,...,d)

Proof
Let q be a prime above p and let aq,...,a, € F be the roots of f.
f(a; mod q) mod p=0 Vi and «; mod p distinct (since g; distinct)

= action of Dy, on ay,...,a;, = action on the roots of f mod p
Now take g which maps to the generator Gal((Or /q)/(Ok /b))
= ¢ has the correct cycle type on the «; O

Definition 2.8
F/K Galois, q a prime above p
The inertia subgroup (at q), denote Iy = I, is the (normal) subgroup of Dy that acts trivially on

OF/C[, i.e.

I, = ker (Dy — Gal(Or / 9)/(Ox /p))) (2.12)

Dy — Gal((Or /4)/(Ox /p)) surjective = Dq/Iq = Gal((Or /q)/(Ok /b))

We also have

Gal((Or /9)/(Ok /p)) = Z [mZ = (¢) (2.13)

where ¢ is the Frobenius map ¢(z) = zV® and m =order of N(p) in Ok /p
The (arithmetic) Frobenius element is Frob, /, € Dq/I s.t. Frobg ,, + ¢ under the induced map

Note: In Corollary 2.7, I, /, is trivial and Frob, /, acts as the element of S, of cycle type (di,...,dn)
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Theorem 2.9
F/K Galois extension of number field, q a prime of F' above p a prime of K. Then

() [Dqsul = eq/ofase
(ii) The order of Frobg ,, = f/p

(iii) }Iq/P‘ = €q/p

If L an intermediate field, s a prime of L below ¢, then

q/gqu/pﬂGal(F/L)
(11) Iq/s = q/pﬁGal(F/L)

(i) If n =number of primes above p, then

n‘Dq/p‘ = ’ Gal(F/K)! (by Orb-Stab and transitivity)
= [F: K] = neq/pfq/p (by Theorem1.30 and Corollary 2.3)

(i) fo/p =[0F/a: 0k /p]=]|Gal((Or /q)/(OL /p))| = order of Frob, ,,

ea/pfasp

(ii))  [Dq/p| = [Iq/p|-order of Frobg = |I 5| = =528

The rests are straight forward from definition

Example:

K=Q F =Q(¢) (» =primitive n-th root of unity
Let p{n be a prime number, q a prime of F' above p

p is unramified = I;/, = {id} and D/, = (Frobg /)
Frob, /, acts x> 2 on Op /q

= Frobg,,(¢a) = Cn (as ¢, are distinct in Op /q)

In particular f; ,, = order of Frob, ,, =order of p in (Z /nZ)*

2.3 Counting Primes

Lemma 2.10
F/K Galois extension of number fields

(i) primes of K are in bijection with Gal(F/K)-orbits of primes of F' via
p <— {primes above p in F'}
(ii) If q is a prime of F' above p, then
9Dq = g(a)
is a Gal(F/K)-set isomorphism from {primes above p} to G/D,

(ili) Dy(q) = 9Dqg™ " and  Iyq) = glog™*

16
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Proof
(1) follows from transitivity of Gal(F'/K) of primes above p
(2),(3) is just elementary check

Corollary 2.11
F/K Galois, L = K («) intermediate field. Then

above p primes of I’ above p

{ primes of L } o { Gal(F/L)-orbits on } { H — Dy double cosets
(H\G/Dy)

elements of G that send
S — .
g to a prime above s

Note:

{H — D double cosets} = H-orbits on G/D
= D-orbits on H\G

Interpretation of the latter set:

} (2.17)
) (2.18)

(2.19)

(D acts by d(Hg) = Hgd ™) (2.20)

H=Stabiliser of « in the action of G on the root of the minimal polynomial of « i.e. we want the

Dg-orbits on the embeddings L — I’

Proposition 2.12

F/K Galois extension of number fields. L = K(a) an intermediate field, G = Gal(F/K),H =

Gal(F/L). Let p be a prime of K, q above p a prime at F'
Consider the G-set (of size [L : K])

X = H \ G = {embeddingsL — F'} = { roots of minimal polynomial of a’} (2.21)
Then
{primes of L above p} & Dy /p-orbits on X with (2.22)
es/pfs/p size of the Dgy-orbits (2.23)
€s/p size of any I-suborbit (2.24)
fe/p number of Iysuborbits (2.25)
Explicitly
s — Orbit of g~ !(a) where g(q) lies above s (2.26)
Proof
One-to-one correspondence:
This is the correspondence constructed in Corollary 2.11 and the note. Now,
D D
size of Dy-orbits of g~!(a) |Dq| : = |Dq| (2.27)
|Stabp, g~ ()| ‘Stabqug—l(Oé)‘
D D
l9Dag™ N H] [ Dy(q)s|
€q/pf e J,
a/pla/p 9@/plg@)/p _ e/ oS/ (2.29)
Co/sloss  Eota/sfota/s
Similarly,
size of Ig-orbits = e/, (note indepentdent of the suborbit)  (2.30)
e
= number of I-suborbits = Jereesn = fs/p (2.31)
Cs/p
O
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Example:

K=Q F=Q(¢,V2) p=713
Fix v, q primes above 73 in Q((5) and F', respectively

e 73 is a generator of (Z /57Z)* = t has residue degree 4

e ¢ /pisunramified: otherwise 5|eq /73 which cannot happen as there is no ramification in Q( V2)/Q
(because X° — 2 has distinct roots mod 73)
= €q/73:1 fq/73:401'20
= I;={1} Dy=Cyor Cy, but Cy is not a subgroup of Gal(F¥/ Q)
= Dq =y

Take L = Q(v/2), Gal(F/ Q) acts on V/2,(V/2,¢*V/2
WLOG D fixes v/2 and cyclicly permutes the rest

= 2 primes in L above 73; residue degree 1, 4; ramification degrees 1,1

2.4 Representations of the Decomposition Group

Convention for this section:

F/K Galois extension of number fields, p a prime of K, q lies above p

Write D = Dy /p, I = I/, Frob = Frobg /,

Notation:

If V is a representation of D, write V! for the subspace of I-invariant vectors. As I <I D, this is a
subrepresentation (Exercise: Check this)

Lemma 2.13
If V is an irreducible representation of D, then
either VI =0

or V is 1 dimensional, lifted from D/I (i.e. D — D/I — C) (These kills I, and are determined
by image of Frob)

Proof
VI subrepresentation = VI =0or VI =V

If VI = V, then the action of D factors through D/I. The latter is abelian (cyclic) = V is 1
dimensional O

Remark. So representations of D look like V = A @& B with
Al =0 |, B=V!=@(l-dimensional representations of D/I)

Notation:
For V a D-representation, write

@q/p(Vit) = det(t1d ~ Frob) (2.32)

= char polynomial of Froby,, on Vi (2.33)

18



Lemma 2.14
Let ¥ : D — D/I = (Frob) — C* be a 1-dimensional representation of D, say W(Frob) = ¢
Then for a D-representation V'

(0, V) = (¥, V) = multiplicity of (t — ¢) in @y, (t) (2.34)
Proof
First equality is by definition Second equality is clear from previous remark. Example of this equality
is ®(U,t) =t —¢ O

Remark. This ® simply encodes the multiplicities of the 1-dimensional representation of D/I in a
representation of D

Proposition 2.15
K C L C F intermediate field
V' a representation of H = Gal(F'/L), then

g/ (ReshInd V.t) = [ @40 (Resgpi Vit p) (2.35)
5
where s runs over the primes of L above p, and g; lies above s (a prime of F)

Proof

Will show that LHS and RHS have the same roots with same multiplicities. Note that the roots are
fq/p-th Toots of unity

Let S be such a root, and set ¥ : D — D/I — C* with ¥(Frob) = (, then

multiplicity of

L—CinLHS = (T, Res$ Ind% V) by Lemma 2.14 (2.36)
= Y (TIndl g Resi gl p V) (2:37)

x€H\G/D
= Y (¥ ndp/?Resfl V) by Lemma 2.10(3) (2.38)

S

= Z<R65Dq- /e g ,Resp, V) by Frobenius Reciprocity  (2.39)

s

— 3" multiplicity of (t - gfs/v) in d, /, (Resgqv LV t) (2.40)
5

= 3 multiplicity of (¢ - () in @, (Resgqv LV tfs/v) (2.41)
5

O
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Corollary 2.16
Take ¥,, : D — D/I — C* which maps Frob to ¢ a primitive n-th root of unity (n|fq,,), then

number of primes s of L o
above p withnlf,,, U Besp Indg 1) (2.42)
C[G/H]

Proof

multiplicity of t — ¢

G
(U, Resp Ind% 1) in @, ,,(ResInd 1, ) by Lemma 2.14 (2.43)
= H D, /s (]l, tfs/P) by Proposition 2.15 (2.44)
S
a multiplicity of ¢
~ in [, (tfs/p — 1) (2.45)
number of prime s
with n|fs/, (2.46)
O

Exercise: Deduce Corollary 2.16 from Proposition 2.12

3 L-series

Aim /Motivation:

(i) If (a,n) = 1, then 3 infinitely many primes p = a mod n
(ii) If f(X) € Z[X], monic, and suppose that f(X) mod p has a root V prime p = f(X) reducible

Definition 3.1
An (ordinary) Dirichlet series is a series

f(s) = iann‘s (an € C,5 € C)
n=1

(Warning/Convention: The complex variable is s = o + it, NOT z = x + iy)

3.1 Convergence Properties

Lemma 3.2 (Abel’s Lemma)

M M—-1 n M
> anby =Y (Z ak> (b, — bpg1) + (Z ak> bas (3.1)
n=N

n=N \k=N

Proof
Elementary rearrangement O

(c.f. [udv = [w]— [vdu, a <> dv,b <> du)
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Proposition 3.3
Let

f(s) = Z ape for A, = oo (3.2)
n=1

increasing sequence of positive real numbers

(i) If the partial sums 27]\1/[: ~ Gn are bounded, then the series converges locally uniformly on Re(s) >
0 to an analytic function

(ii) If the series f(s) converges for s = sg, then it converges locally uniformly on Re(s) > Re(so) to
an analytic function

Note: Dirichlet series are the case A\, = logn

Proof

(i) = (ii):

Change variables 8 =s—s9 , dp =ane
The new series converges at 0, so must have Y% a/,, bounded. Invoke (i)

—Anso

(ii): We show uniform convergence on —A < arg(s) < A,Re(s) > § with 0 < A < «/2. This will
suffice as the uniform limit of analytic functions is analytic

Let € > 0. Find Ny s.t. for n > Ny have ‘e_’\"s‘ < € in this domain.

Now compute for N, M > Ny,

M M-1/ n M
Z ape s Z (Z ak> <e_)‘"5 — e_)‘”“s) + (Z ak> e~ AMS (3.3)
n=N n=N \k=N N
(by Abel’s Lemma 3.2)
M-1
< B Z ’e_A"S — e M8 4 Be (3.4)
n=N

where B is the bound on the partial sums ) ay

Observe that
B
s/ e "dx
(e}

B
= |s|/ e dx (o0 =Re(s))

’e—as _ e—ﬂs

= lsl (e“w - e_’B") (3.5)
o
Therefore,

M 5 M—1
Z anef)\ns < B? Z (67)‘”0 _ e*/\nﬂcf) + Be (3.6)

n=N n=N
= BB (e‘AN” - e_’\M”> + Be (3.7)

o
< € <B|S| + B) < €(Bk+ B) where lsl < k in our domain (3.8)
o o

This is uniform convergence O

Proposition 3.4
Let f(s)=>.02, ane % for \, — oo increasing sequence of positive real numbers. Suppose
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(i) 0<a,eR
(ii) f(s) converges on Re(s) > R € R (and hence analytic there)

(iii) It has an analytic continuation to a neighbourhood of s = R
Then f(s) converges on Re(s) > R — e for some € > 0

Proof

Again, we may assume R =0

f analytic on Re(s) > 0 and on |s| < ¢

= f analyticon [s —1| < 1+¢

The Taylor series of f around s = 1 converges on all of |s — 1| < 1+ €. In particular
o
=25

k=0

B+ o)k ) (1) converges (3.9)

?z\H

For Re(s) >0

o0 . . .
(k) _ Oy ks term-by-term differentiation okay
() Z an(—An)"e < by locally uniform convergence (3.10)

[e.e]

)RRy = an)\ke_’\”s a convergent series with positive terms 3.11
(1) “ g p
n=1
Observe:
1
f(—e) = Z 1+ Zan)\k Ans (3.12)
k=0
1 order does not matter
_ E_—Ans k
N kz: nAn€ k! wtte ( as all terms positive ) (3.13)
n
(o.¢]
= Zane#‘”e}‘"(lﬁ) (3.14)
= Z ane™* is a convergent series (3.15)
Therefore, series for f converges at s = —e, and hence, by Proposition 3.3, on Re(s) > —e O
Exercise:

Show that, if 3" a,e "% and Y b,e 7% converges on Re(s) > ¢ to the same function f(s), then
an = b, Vn

Theorem 3.5

(i) If a,, are bounded, then > >, a,n~* converges absolutely on Re(s) > 1 to an analytic fucntion

—S

(i) If partial sums -2 \ a, are bounded, then 3 a,n
function

converges on Re(s) > 0 to an analytic

Proof

22



(i) 3 L converges for z > 1 real. Analyticity from Proposition 3.3

ne

(ii) by Proposition 3.3

3.2 Dirichlet L-functions

Definition 3.6
Let N > 1 be an integer and
Y : (Z/NZ)* — Climes

a group homomorphism. Extend ¢ to all of Z by

b(n) = {w(n mod N) if (n,N)=1

0 otherwise

Such a function is called Dirichlet character modulo N
Its L-series (or L-function) is

Ly(¥,s) = (n),n"*
n=1

Remark. v : (Z /N Z)* — C* is often called Dirichlet character

(3.16)

(3.17)

(3.18)

Warning: Note that 1 is just a 1-dimensional representation. Number theorists often have the (bad)

habit of referring to 1-dimensional representations as characters

Lemma 3.7
Let ¢ be a Dirichlet character modulo N

(i) ¥(a+ N) =1(a) (i.e. ¥ periodic)
(ii) ¥(ab) = ¥ (a)y(b) (¢ is strictly multiplicative)
(iii) The L-series of 1) converges absolutely on Re(s) > 1 and satisfies

1

Ly@w,s) = [l —==
b omime L 4(2)P

(This expression is called the Euler product for 1)

Proof
(i) Clear
(ii) Clear

(3.19)

(iii) Coefficients, ¥(n), of the L-series are bounded, so absolute convergence follows from Theorem

3.5(i). For Re(s) > 1

Yot = I (+vmp +0m)* ™ +¢@)°p ™ + -

p prime

H ; Geometric series
1 —9(p)p~*

p prime

23
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Example:

Take N =10, so (Z /N Z)* {1379}—04

and take ¢ with (1) =1, ¥(3) =4, ¥(7) = —i, ¥(9) = —1. Then
me»4+i—i—%+1+i-L~i+m (3.22)

Remark. The case ¢ : (Z/nZ)* — C* with ¢)(n) = 1 Vn € (Z /N Z)* gives the trivial Dirichlet
character modulo N. In this case

Ly(,s)=¢s) [ (-9 (3.23)
prime p|N
(((s) =Riemann (-function, both sides are prN 1/(1—p~%))

Theorem 3.8
Let N>1and ¢ : (Z/NZ)* — C*

(i) If ¢ is the trivial character, then Ly(%,s) has analytic continuation to Re(s) > 0 except for a
simple pole at s =1

(i) If v is non-trivial, then Ly(1, s) is analytic on Re(s) > 0

Proof

(i) Follows from last remark and that ((s) has an analytic continuation to Re(s) > 0 with a simple
pole at s =1 (c.f. Part IT Number Theory)

(i)
A+N+1
dowin) = > ¥(n) (3.24)
n=A ne(z /N Z)%
(¥, 1) (representation of (Z /N Z)™) (3.25)
=0 as P £ 1 (3.26)

So the sums Zf: 4 ¥(n) are bounded, and result follows from Theorem 3.5(ii)

O
Theorem 3.9
Let 1 be a non-trivial Dirichlet character modulo V.
Then Ly(1,1) #0
Proof
Let
(n(s) = H Ly(x,s) (3.27)

X(Z /N Z)* —CX

Suppose Ly (psi,1) = 0. Then (y(s) has an analytic continuation to Re(s) > 0 by Theorem 3.8, the
pole from Ly (1,s) having been killed by the zero of Ly (%, s)
On Re(s) > 1, (n(s) has the absolute convergence Euler product

HHl_ HHl_ = (3.28)
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Now,

)¢(N)/fp (3 29)

[T -xwr) = (1-1%
X

where f,=order of p modulo IV, and ¢ is the Euler-totient function.

Indeed, the x(p) are f,-th roots of unity, each occuring ¢(N)/ f, times and H{igl (1 - g‘}pT) =1-T/

So on Re(s) > 1, (,(s) has a Dirichlet series give by

)¢(N)/fp

(n(s) = HpJ[N (1 _|_p*fp5 _|_p*2fp5 I (3.30)

By Proposition 3.4, as (ny(s) is assumed analytic on Re(s) > 0 and this series has positive coefficients,
the series must converge on Re(s) > 0. But (for s > 0 real) it dominates

[T (1+p 5572 40 ) = Lu(1,6(N)s) (331)
PN
which diverges when s — 1/¢(N) # O
Want:
> ptooo as s— 1 (3.32)

p=a mod N

3.3 Primes in Arithmetic Progressiona

Proposition 3.10
Let 1 be Dirichlet character mod N

n
(i) The Dirichlet series Z Mp*m converges absolutely on Re(s) > 1 to an analytic

N n
p primes,n>1

function and defines (a branch of) log Ly (%, s) there

(ii) If ¢ is non-trivial then E Mp*m is bounded as s — 1
n
p>n

ke 1
Ifwzlthengjm?p_”swlogm as s — 1

Proof

(i) The series has bounded coefficients so converges absolutely on Re(s) > 1 to an analytic function
(Theorem 3.5(i)). Then

psi(p)" 0
Z 7(1 ) p _ Zw(p)p — ( )2 4. (3.33)
p>n p
1
= ]og — 3.34
218 T s .
B 1 continuity of log and
- IOgIZI 1 —(p)p~*  local uniform converges of Ly (v, s) (3.35)
= log Ln(v,s) (3.36)
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Note, in equation 3.34, the branch we took is

2 .CC?’

log(l—2z)=o+ % + 5 +-- for z small (3.37)

And at the end, it is possible that we will get a different branch of log
By Theorem 3.8 if v is non-trivial the Ly(v,s) converges to a nonzero value as s — 1, so its

logarithm is bounded near s =1
Ly (1, s) have a simple pole at s =1 = sims%l

log Ly(1,s) ~ log as s — 1 (3.38)

S —

Corollary 3.11
If +) nontrivial then Z Y(p)p~? is bounded as s — 1.

p prime

1

If ¢ = 1 then Z w(p)p_522p_5~10g8_1 as s — 1
ptN

p prime

Proof

D p(p)pt =log Ly(¢,s) = Y

So sufficient to prove that, the last term is bounded on Re(s) > 1. But there

P2 pze 71"
1
= ———————— Geometric series 3.41
2 Rl =) (341
1
—— = Re(s) >1 3.42
Yo R (3.42)
1
< Y 3 <00 (3.43)
n
O
Theorem 3.12 (Dirichlet’s Theorem on Primes in Arithmetic Progressions)
Let a, N be coprime integers. Then there are infinitely many primes p with p 2 a mod N
Moreover, if P, is the set of these primes, then
1 1 1
Z—Nilogi as s — 1 (3.44)
R P oN) Ts—1
Proof
Second statement ;= First statement. So we will prove the second statement.
Consider the (class) function
Co:(Z/n2)* — C (3.45)

1 ifn™a

Cuo(n) = { (3.46)

0 otherwise
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Then

! i — L
(Ca, x(= anz Ca(n)chi(n) = —~=x(a) (3.47)

/nZ)*

S G- ¥ X((]C\L,))x (3.48)

X:(Z /nZ)* —C*

DT SECTIEEDS ( X ) X;?) (3.49)

PEF, p prime X

Hence

Each term on RHS is bounded as s — 1 except x = 1 (by Corollary 3.11) and

1(a) 1(p) 1 1 1 1
= — ~ ——log —— 3.50
H(N) ; p BN Ep: p T eN) s (350
as s — 1 O

Summary:
Z b = lir.lfl?rﬁnbinétionfolf > xPp? (3.51)
e S N with 575y copies o

each Y x(p)p* = =logLn(x,s) (3.52)

and these are bounded for x # 1 (Ly(x,1) # 0,00) and ~logls —1 for y = 1

3.4 Dirichlet Characters, Alternative view

We want to pass Dirichlet from Z,Q to Ok, K and look at mod I (correspond to APs)

Note:
(Z/NZ)* — Gal(Q(¢n)/Q) (3.53)
a — o, with o,(¢n) = (N (3.54)
p — op witho,((y)=C% (3.55)
If ¢ € Q(¢n) above pt N, then o}, = Frob, /,
N ! ! (3.56)

L—4(p)p~ 1 = ¢(Frob,)p~
(Frob, = Frob, /, and q[p)

Theorem 3.13 (Hecke, 1920, Class Field Theory related)
Let F/K be a Galois extension of number fields with Gal(F/K) abelian, and v : Gal(F/K) — C* a
homomorphism. Then

1
L= 1 Tmeyne (3:57)

p prime in K
unram. in F/K

has an analytic continuation to C, except for a simple pole at s = 1 when ¥ = 1 (Note:
p unramified = Inertia group=1, and
Frob, = Frob, /, independent of q as Gal(F'/K) is abelian)
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Proof
Beyond syllabus O

Remark. When K = Q, F = Q({n), this recovers Theorem 3.8

3.5 Artin L-functions

AIM: Prove f(X) has a root mod all prime = f(X) reducible
Recall (Noatation):
For I < D finite groups and p a D-representation

e p! = I-invariant vectors of p = {v € p|lgv = v Vg € I}

e If I <1 D then p’ is a subrepresentation
(vepl,geD,icl
= i(gv) = g(i'v) = gv (for some i’ € I)
= gvep)

o If \eC,g; € D, write det(D>" Nigilp)  for  det ,(>° Nigs)
equivalent viewing p as p: D — GL,(C)
det(Aigilp) = det(3 Aip(g:))
e.g. charactieristic polynomial of g € D is det(t — g|p)

Definition 3.14

Let F'/K be Galois extension of number fields and p a Gal(F'/K)—representation.

Let p be a prime in K. Choose a prime in F' above p and an element Frob, € D, ,, which maps to
Frobg /, € Dg/Iy, i.e. that acts as Frobenius on the residue field at q

Then the local polynomial of p at p is

Py(F/K,p,T) = Py(p,T) = det(1 — Froby, T|p'?) (3.58)

where [, = a/p

Remark. This is essentially the characteristic polynomial of Froby, on p, ®4,,(p,T)
If By(p,T) =1+ arT +aT? + -+ a, T"
then @, ,,(p, T) =T" + alT" 4T 24+ . +a,

Lemma 3.15
P,(p,T) independent of the choice of q and of the choice of Frob,

Proof

For fixed q, independence of choice of Frob, is clear.

Two choices differ by some i € I which acts as identity on p’

If ¢’ is a different prime over p, write g’ = g(q) for some g € Gal(F'/K) and observe Froby, = g Frob, g~
is a lift of Frobenius for q’ / p.

The equivalence of Frob;J on pICI’/ P= pgf*’ff1 are the same as of Frob, on ple

Hence, their characteristic polynomials agree

= Py(p,T) is independent of choice of ¢ O

1

Definition 3.16
Let F'/K be a Galois extension of number fields. p a representation of Gal(F/K)
The Artin L-function of p is defined by the Euler product

1
L(F/K,p,s) = L(p,s) = p priln;[Of ) B NG (3.59)
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The polynomial P,(p,T) has the form 1 — (a7 + bT? +--+)
so we can write (ignoring convergence)

1

=14+ (aT +bT% + )+ (aT +bT* + -+ )2 + - - 3.60
Blp T) ( )+ ( ) (3.60)

Formally substituting this into the Euler product gives the expression (Artin L-series)

L= Y aNm = [0+ aNG) " +aeNE) > +)|  (361)
n non-zero P
ideal in O

for some a, € C
Note that the grouping ideal with equal norm yields an expression for L(p, s) as an ordinary Dirichlet
series

Lemma 3.17
The L-series expression for L(p, s) agrees with the Euler product on Re(s) > 1 where they converge
absolutely to an analytic function

Proof
It suffices to prove that

Il Q+aNE = +aeNEp) 2 +--) (3.62)

p prime of Ok

converges absolutely on Re(s) > 1, this justifies rearrangement of terms and the Dirichlet series
expression for L(p, s) then proves analyticity (Proposition 3.3)
The polynomial B, (p,T") factorises over C as

By(p,T) = (1 = MT)(1 — AT) -~ (1~ NT) (3.63)

for some k < dim p and |\;| =1
So the coefficients of

1 1

2
BpT) T - ) el et (3.64)
1 .
are bounded in absolute value by those of W =(1+T+T%4...)dmer
Hence,
1
n|[N(p)™™ < : .
1;[§n:|ap H (p) ’ = E[(l_‘N(p)_SDdlmp (3 65)
1
< H A= pimr (p a rational prime below p) (3.66)
1 dim p[K:Q]
< I () 867
p prime
= ((o)mPlEQ where o = Re(s) (3.68)
< o0 (3.69)
O
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Example:

(i) K=Q F arbitrary p=1
For a prime p, p’* = p and Frob, acts as identity so Py(p,T) =1 —T

= LF/QLs)=]] : _1p_8 = ((s) (3.70)

(Note that this does not depends on F', and all factors are in place)

(ii) K, F are arbitrary, p =1
L(F/K,1,s) IH_i = Ck(s) (3.71)

This is the Dedekind (-function of K

(iii) K =Q,F = Q({n), p 1-dimensional representation of Gal(Q(¢n)/ Q) = (Z /N Z)*

Set
v:(Z/NZ)* — C* (3.72)
v(n) = plon) where 0,({n) = (N (3.73)
1
- H p:pg=1 1 — p(Frob,)p~ (37
1
_ - (3.75)
p:pg_l 1—9(p)p
= Ln(¢,s) H 1— p(Fjobp)ps (3.76)

pIN.p(Ip)=1
for example, if p is faithful then L(p,s) = Ly (¢, s)

Proposition 3.18
F/K Galois extension of number fields, p a Gal(F/K)-representation

(i) If p/ another Gal(F/K)-representation, then
L(p@p',s) = L(p,s)L(p', 5) (3.77)

(il) If N < Gal(F/K) lies in ker p, so that p comes from a representation, p”, of Gal(F/K)/N =
Gal(FN/K), then
L(F/K,p,s) = L(F" /K, p", s) (3.78)

Gal

(ili) (Artin Formalism) If p = Ind}; (F/K) p"" for a representation p” of H C Gal(F/K), then

L(F/K,p,s) = L(F/F, p" s) (3.79)

Proof
It is sufficient to check each statement prime-by-prime for the local polynomials

(i) Clear. (Note (p@ p/)r = plr @ p'l»)

(ii) Straight from the definitions (Note Frobenius for F/K projects to Frobenius for FV /K and
similarly for inertia)
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(ili) We have already proved this in Proposition 2.15 (for characteristic polynomial ®) and the remark
under Definition 3.14 (to get local polynomials)

O

Theorem 3.19

(This theorem rephrase Theorem 3.13) F'/K Galois extension of number fields, p a 1-dimensional
representation of Gal(F/K)

Then L(p, s) has analytic continuation of C, except for a simple pole at s =11if p=1

Proof
By Proposition 3.18(ii), we may assume that p is faithful

N oo — p b unrarTliﬁed in F/K (3.80)
0  p ramified
Then by Theorem 3.13:
1

L(p,s) = 3.81
eo= I = mammer (381

p unram

in F/K
O

Theorem 3.20 (Artin)
Let G be a finite group, p a G-representation.
There are cyclic subgroups H;, H J’ < G and 1-dimensional representations ;, ¢9 of H;y, H J’ respectively,

s.t.
P @ (@ Indg, q/)i) =~ (D Ind§, (3.82)
J
for some n > 1
Moreover, if (p,1) = 0 then all 1), 1/}9 can be taken to be non-trivial

(see handout for proof, non-examinable)

Corollary 3.21 (Artin)

F/K Galois extension of number fields, p a Gal(F/K)-representation.
Then In > 1 s.t. L(p, s)" admits a meromorphic continuation to C
(and analytic at s = 1 if (p, 1) = 0)

Proof
Combine Theorem 3.20 with Proposition 3.18 and Theorem 3.19:

Equation 3.82 gives

L(p,s)" [ [ Lnd ¢, 5) = [ [ L(Ind ¢}, s) (3.83)
[1L(nd !, s)
L no I 2 3.84
= L = i, ) (3:84)
The numerator and denominator of the fraction are both analytic, thus L(p, s)™ meromorphic O

Corollary 3.22
If p irreducible non-trivial, then L(p, s) is analytic and non-zero at s = 1
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Proof
Write R for the regular representation of Gal(F/K). Then

Cr(s) = L(F/K,R,s) Prop 3.18(iii) (3.85)
= [T irred. L(F/E, T, )%™ T (3.86)
= C(k(s) [[ L@/K 1,587 (3.87)

irred T#1

Cr(s),Ck(s) have simple poles at s =1

=% L(p,s)" cannot have a zero at s =1

= L(p,s) can be analytically continued to s = 1 and is non-zero there.

(*: using L(T, s) are bounded at s = 1) O

Theorem 3.23 (Artin-Brauer (non-examinable))
L(p, s) is meromorphic on all of C

Lemma 3.24
(This lemma strengthen Theorem 3.19) F'/ K Galois, p # 1 1-dimensional representation of Gal(F'/K).
Then L(p,1) #0

Proof
By Proposition 3.18(ii) we may assume that p is faithful, so Gal(F/K) is abelian (cyclic). Then (by
Proposition 3.18(i),(iii))

Cr(s) = 11 Lix,s) = Cxe(s) [T L) (3.88)

x1-dim repn of Gal(F/K) x#1

As (F, (i have a simple pole at s = 1 and all other L(, s) are analytic there, it follows that L(x, 1) # 0
In particular, L(p, 1) # 0 O

3.6 Density Theorems

Definition 3.25
Let S be a set of prime numbers. Then S has Dirichlet density « if

> -

1
pES 10g 1—s

S

—a as s— 17" (3.89)

Example:
By Dirichlet’s Theorem (Theorem 3.12)

e The set of all primes has density 1

e Sun = {p prime, p = a mod N} has density ﬁ whenever (a, N) =1

Notation:
For F/Q Galois, p unramified in F', write Frob, € Gal(F/Q) for the Frobenius element Frob, /, of
some prime q above p. Note that it lies in well-defined conjugacy class of Gal(F/Q), as (c.f. Example

Sheet 2)

1

Froby , = x Frob, ™"  when ¢ = z(p) (3.90)

q /p

Example:
Let F' = Q(¢n) and o4 € Gal(F/ Q) with o4({n) = (%
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For p{ N, Frob, = 0, <p =~ a mod N (as Frob,({n) = ¢k)
So Dirichlet Theorem =
SNo ={p1{ N,Frob, = o} has Dirichlet density

i.e. Frob, is “uniformly distributed” among Gal(Q({n)/ Q)

1
Gal(Q(¢w)/ Q)

Theorem 3.26 (Chebotarev’s Density Theorem)
Let F'/Q be a finite Galois extension and C conjugacy class of Gal(F/ Q). Then

Sc = {p unramified in F//Q s.t. Frob, € C} has Dirichlet density %

Corollary 3.27 (Frobenius)
let f(X) € Z[X] be a monic irreducible polynomial. The set of primes p such that f(X) mod p

factorises as a product of irreducible polynomials of degree dy, ..., d, has Dirichlet density:
|{g € Gal(f) has cycle type (d1,ds,...,dy,) on roots of f}|
(3.91)
| Gal(f)]
Proof o
f(X) mod p has a repeated root in F,, modulo only finitely many primes.
For the rest, Frob, acts as an element of cycle type (di,...,dy,) where these are the degrees of the
irreducible factors of f(X) mod p O
Example:

f(X) irreducible quintic, with Galois group S5

e prime p s.t. f(X) mod p is irreducible has density \{5—Cyc1§§ S} _ 24 _ 1

— 120 ~ 5
e primes p s.t. f(X) mod p splits into linear factors has density ﬁ

e primes p s.t. f(X) mod p = quadraticxcubic has density % = %
Corollary 3.28
If f(X) € Z[X] monic irreducible with deg f > 1, then f(X) mod p has no root in F, for infinitely
many primes p

Proof
Sufficient to prove: 3¢ € Gal(F/ Q) that fixes no root of f(X)

But Uy roots Stabaa(f) () # Gal(f) since each Stab(a) has size \(jzlg(ﬁ)l and each contains the identity

element O

Proof of Chebotarev’s Density Theorem 3.26
For p irreducible representation of Gal(F'/ Q), let

Lip,s)= [ Bolpp )" (3.92)

p unram.

Step 1:
By Example Sheet 1 Q10, only finitely many primes ramify in F'/ Q, so Corollary 3.22 =-:

o L.(p,s)#0,00at s=1if p+# 1 irreducible
e [L.(1,s) has a simple pole at s =1
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Step 2:
Write x,, for the character of p. If p unramified in F//Q, and Aq,...,\q are the eigenvectors (with
multiplicities) of Frob, on p, then

1
71'(1 — /\ip_s)

- Yos (1_;)_) (3.94)
S S () (B e

Xp (Frobg)

= > e (3.96)

n>1

= log (3.93)

logi
Pp(p7p_5)

The Dirichlet series

% XP(FYOEZ " (3.97)

p unram. n>1

has bounded coefficients, so (c.f. Proof of Proposition 3.10) defines an analytic branch of log L.(p, s)
on Re(s) > 1. Now

Sy XP(FYOES )" (3.98)

p unram. n>2

= 1
is bounded on Re(s) > 1 by 2dimpz e (c.f. Proof of Corollary 3.11), so

k=1
o fu(s)= Z Xp(Frob,)p~® is bounded as s — 1 on Re(s) if p # 1 (by Step 1)
punram
1
o fi(s)= Z p_swlogl_s as s — 1
punram

Step 3:
Yop® = > Ce(Froby)p~ (3.99)
pESc p unram
= > (X0 Ce) fols) (3.100)
p
€]
= Ao /1) + (X Ce) fo(s) (3.101)
|Gal(F/ Q)" ; e
where
C
Celg) = {(1) Zi : (3.102)
Hence S¢ has density L O
| Gal(F/ Q)|

(End of examinable material)

Remark. Exam is 2 hours long, to complete 3 questions out of 4 questions, about 50% bookwork.
For representation theory, you should know for Cy x Csq,S3, cyclic groups, Dg, D10 (with hint),
Doy, S4, Ay, Qs, abelian groups (with help sometimes)

For Galois theory, what you must know includes finite fields F, and cyclotomic fields Q(¢,)

For complex analysis, nothing beyond bookwork (i.e. this lecture notes) is needed
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4 Local Fields

(Warining: This section may be exambinable for Local Fields)

Definition 4.1
A place in a number field K is an equivalence class of (non-trivial) absolute values on K

There are two functors:

e infinte places v (correspond to archimedean absolute values) cam from embedding K < R or
K — C and taking

(4.1)

|zl =

B {]a:\ for real embeddings

|z|>  for complex ones

(these are the usual normalisations)
(Note: Complex conjugate embeddings give same | |,)
Fact: The rest don’t and each archimedean absolute value arises in this way
= number of infinite places of K = r1 + 79
e finite places (correspond to non-archimedean absolute values) correspond to primes of K:
If p is a prime, set |z|, = N(p)_ord"(’“"), where ord, (x) for x € Ok is the power of p in factorisation
of (z) and extended multiplicatively to K*
Fact: (Ostrowski) These are inequivalent (for different p) and there are no others

Completions: | |, makes K into a metric space. Its completion K, is a complete local field

v archimedean = K, R or C (this is boring to number theorists)
Hence forth assume v is a finite place

If K = Q and v correspond to p, then K, = Q,
If K general, v corresponds to q which lies above p € Z then | |, restricted to Q is equivalent to | |,
= K, is a finite extension of Q,

4.1 Residue field and ramification

K number field, | |, absolute value corresponding to q

Ok, C K, (elements with |z|, < 1)
Ok, = units  (elements with |z|, = 1)
m, = maximal ideal of O, (elements with |z|, < 1)

k, = Ok, / m, = residue field

Observe q C my, O C Ok, Ok /q — ky

e is injective (clear: a field homomorphism)
e surjective (every element of K, can be approximated by an element of K)

= Ok /q =k, - residue field does not change by completion

If L/K field extension, t lies above q (and | |, correspond to t)

= L,/K, finite (4.2)
ft/q - fw/v (by bove) (4'3)
e/q = Cuwlv (compare valuations) 4.4)
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4.2 Galois Groups

F/K Galois extension of number fields, q lies above p, | |w,| |» corresponding absolute values respec-
tively.
If g € Dy, then it preserve | |y,
= it is a topoogical equivalence
= it extends to an automorphism of F,
= weget Dy, — Gal(F,/Ky)

Lemma 4.2
This is an isomorphism

Sketch Proof
Injective: easy
Surjective: | Dy /p| = €q/9fq/0 = Cwjofuwjp = [Fu : K] = |Gal(Fy/K,)| O

Observe also that I/, =1, /v also isomorphic
(being the element that act trivially on respective residue field)

4.3 Applications

Proposition 4.3
If f(X) € Ok[X] is Eisenstien w.r.t p and « a root
then K(«)/K has degree = deg f and is totally ramified at p

Proof
Complete and invert Local Fields course ]

Proposition 4.4
Decomposition groups are soluble

Proof

Galois groups of finite extensions of Q,, are soluble:

I <G,G/I cyclic

I, <1 with I /I cyclic (I; =wild inertia group)

1, is a p-group O

Example 4.5

There are no Cy-extensions at Q where quadratic subfield is Q((3)

Proof

Q(¢3)/ Q ramified at 3
= Inertia at 3 must be all of Cy4

Complete at (the prime of F' above) 3, get F,,/ Q3 toatally ramified, cyclic of degree 4.

But this is a tame extension (since 314) =  Gal(F,/Q3) —F;
which is nonsense +# O
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